Let G be a non-trivial group, S ⊆ G \ {1} and S = S −1 := {s −1 | s ∈ S}. The Cayley graph of G denoted by Γ(S : G) is a graph with vertex set G and two vertices a and b are adjacent if ab −1 ∈ S. A graph is called integral, if its adjacency eigenvalues are integers. In this paper we determine all connected cubic integral Cayley graphs. We also introduce some infinite families of connected integral Cayley graphs.
Introduction and Results
We say that a graph is integral if all the eigenvalues of its adjacency matrix are integers. The notion of integral graphs was first introduced by Harary and Schwenk in 1974 [12] .
In 1976 Bussemaker and Cvetković [7] , proved that there are exactly 13 connected cubic integral graphs. The same result was independently proved by Schwenk [16] who unlike the effort in [7] avoids the use of computer search to examine all the possibilities. However the work of Schwenk [16] was inspired and stimulated by Cvetković attempt [9] to find the connected cubic integral graphs where he had displayed twelve such graphs, and had restricted the remaining possibilities to ninety-five potential spectra, Schwenk has produced a complete and self-contained solution.
It is known that the size of a connected k-regular graph with diameter d is bounded above by
(see, for example [10] ). In [9] , it is noted that if we know the graph is integral then d 2k because there are at most 2k + 1 distinct eigenvalues. Consequently, the upper bound of the size of a connected k-regular integral graph is
Theorem 1.1 There are exactly seven connected cubic integral Cayley graphs. In particular, for a finite group G and a subset S = S −1 ∋ 1 with three elements, Γ(S : G) is integral if and only if G is isomorphic to one the following groups:
)}. Then Γ(S : D 2n ) is integral. Theorem 1.3 Let T 4n = a, b | a 2n = 1, b 2 = a n , b −1 ab = a −1 , n = 2m + 1 (n = 1) and S = {a k | 1 k 2n − 1, k = n} ∪ {ab, a n+1 b}. Then Γ(S : T 4n ) is integral. 
Preliminaries
First we give some facts that are needed in the next section. Let n be a positive integer. Then B(1, n) denotes the set {j | 1 j < n, (j, n) = 1}. Let ω = e The function C(r, n) is a Ramanujan sum. For integers r and n, (n > 0), Ramanujan sums have only integral values ( See [15] and [18] ). Proof. The proof is straightforward.
Lemma 2.2 Let
Proof. Let n = dk ′ and a dk be an arbitrary element of A d . Since (k − k ′ , k ′ ) = 1 and (a dk ) −1 = a n−dk = a
Let G be a finite group of order n whose irreducible characters (over C) are ρ 1 , . . . , ρ h with respective degrees n 1 , . . . , n h . Then the spectrum of the Cayley graph Γ(S : G) can be arranged as Λ = {λ ijk | i = 1, . . . , h; j, k = 1, . . . , n i } such that λ ij1 = . . . = λ ijn i and λ
for any natural number t.
Lemma 2.4 [13] Let C n = a . Then irreducible characters of C n are ρ j : a k → ω jk , where j, k = 0, 1, . . . , n − 1.
Lemma 2.5 [13] Let G = C n 1 ×· · ·×C nr and C n i = a i , so that for any i, j ∈ {1, . . . , r}, (n i , n j ) = 1. If ω t = e 2πi n t , then n 1 · · · n r irreducible characters of G are
where l i = 0, 1, . . . , n i − 1 and i = 1, 2, . . . , r. Lemma 2.6 Let G be a group and G = S , where S = S −1 and 1 / ∈ S. If a ∈ S and o(a) = m > 2, then Γ(S : G) has the cycle with m vertices as a subgraph.
Proof. Observe that 1 − a − a 2 − · · · − a m−1 − a m = 1 is a cycle with m vertices.
Lemma 2.7 Let G = S be a group, |G| = n, |S| = 2, S = S −1 ∋ 1. Then Γ(S : G) is integral if and only if n ∈ {3, 4, 6}.
Proof. It is clear that Γ(S : G) is a connected 2-regular graph. Thus Γ(S : G) is the cycle with n vertices. By checking the eigenvalues of the cycles, one can easily see that the only integral cycles are ones with 3, 4 or 6 vertices. This completes the proof.
Lemma 2.8 Let G be the cyclic group a , |G| = n > 3 and let S be a generating set of G such that |S| = 3, S = S −1 and 1 ∈ S. Then a n/2 ∈ S. Also if a r ∈ S and o(a r ) = m > 2, then (n, r) = 1 or (n/2, r) = 1.
Proof. Let (n, r) = 1 and (n/2, r) = 1. Then a r = G. Suppose (n/2, r) = d, where
Hence a r , a n/2 = G. This contradicts the fact that S generates G.
Lemma 2.9 Let G be the cyclic group a , |G| = n > 3 and let S be a generating set of G such that |S| = 3, S = S −1 and 1 ∈ S. Then Γ(S : G) is integral if and only if n ∈ {4, 6}.
Proof. Let Γ(S : G) be integral. Then S = {a n/2 , a r , a −r }, where (n, r) = 1 or (n/2, r) = 1. If λ is the eigenvalue of Γ(S : G) corresponding to irreducible character of ρ 1 . Then by Lemmas 2.3 and 2.4, λ = ρ 1 (a r ) + ρ 1 (a −r ) + ρ 1 (a n/2 ) = 2 cos(2πr/n) − 1. Since λ is integer, cos(2πr/n) ∈ {±1/2, ±1, 0}. We consider the following cases: Case1: Let (n, r) = 1. Then if cos(2πr/n) ∈ {−1/2, −1, 1}, then n ∈ {1, 2, 3}, which is false. If cos(2πr/n) = 0, then n = 4 and r = 1 or 3. So S = {a, a 2 , a 3 }. If cos(2πr/n) = 1/2, then n = 6 and r = 1 or 5. So S = {a, a 3 , a 5 }. Case2: Let (n, r) = 1 and (n/2, r) = 1. Without loss of generality we can assume r < n/2. Similarly if cos(2πr/n) ∈ {−1, 0, 1/2, 1}, then r = 1, which is false. If cos(2πr/n) = −1/2, then n = 6 and r = 2 or 4. So S = {a 2 , a 3 , a 4 }. Conversely, if n = 4, then Γ(S : G) is complete graph K 4 and so is integral. If n = 6, S 1 = {a, a 3 , a 5 } and S 2 = {a 2 , a 3 , a Lemma 2.10 Let G 1 and G 2 be two groups and
Proof. Let χ 0 and ρ 0 be the trivial irreducible characters of G 1 and G 2 , respectively. Let λ i0 and λ i be the eigenvalues of Γ(S : G) and Γ(S 1 : G 1 ) corresponding to irreducible the electronic journal of combinatorics 16 (2009), #R122 characters of χ i × ρ 0 and χ i , respectively. Since S generates G and S = S −1 ∋ 1 with three elements, |S 1 | = 2 or 3. If |S 1 | = 2, then by Lemma 2.3,
and so λ i0 = λ i + 1. If |S 1 | = 3, then by Lemma 2.3,
Lemma 2.11 Let G be a finite abelian group such that is not cyclic and let G = S , where |S| = 3, S = S −1 and 1 ∈ S. Then Γ(S : G) is integral if and only if |G| ∈ {4, 8, 12}.
Proof. Let Γ(S : G) be integral. If all of elements of S are of order two, then G = C 2 2 or G = C ii ii) Since −3 is the simple eigenvalue of Γ(S : D 2n ), S ⊆ b. By Lemma 2.3 and using characters table of D 2n , the eigenvalues of Γ(S : D 2n ) corresponding to irreducible characters χ j (1 j m), are negative. Thus l 1 = l 4 and l 2 = l 5 . Furthermore since the multiplicity of the eigenvalues of corresponding to irreducible characters of degree two is 2, l 1 and l 2 are even and 4 | l 3 .
iii) Let a r ∈ S, where 1 r m. It is clear that (n, r) = 1. Since n = 3 and (n, r) = 1, 2 cos(2πr/n) is not integer. Let λ 11 and λ 12 be eigenvalues of Γ(S : D 2n ) corresponding to irreducible character χ 1 . By Lemma 2.3 and using characters table of D 2n , λ 11 + λ 12 = 2 cos(2πr/n). This contradicts the fact that Γ(S : D 2n ) is integral. Thus S ⊆ b and so −3 is an eigenvalue of Γ(S : D 2n ). Therefore, Γ(S : D 2n ) is bipartite. Lemma 2.13 Let S = { (12), (13), . . . , (1n)} and n ∈ {3, 4, 5, 6}. Then Γ(S : S n ) is integral.
Proof. It is clear that Γ(S : S 3 ) is a cycle with six vertices and so is integral with
. By using the following program written in GAP [19] and thanks to the GRAPE package of L.H. Soicher, one can easily see that Γ(S : S 4 ), Γ(S : S 5 ) and Γ(S : S 6 ) are integral graphs with spectra as follows:
respectively. Conjecture 2.14 Let n 4 be an arbitrary integer and S = {(12), (13), . . . , (1n)} be the subset of the symmetric group S n of degree n. Then Γ(S : S n ) is integral. Moreover, {0, ±1, . . . , ±(n − 1)} is the set of all distinct eigenvalues of Γ(S : S n ).
Proof of Our main results
In this section we prove our main results. Proof of Theorem 1.1. Let Γ(S : G) be integral. Since Γ(S : G) is a cubic integral graph, Γ(S : G) is of type G i , for 1 i 13 (see [16] ). Since the number of vertices of G i , for 1 i 13, are 4, 6, 8, 10, 12, 20, 24 or 30, |G| ∈ {4, 6, 8, 10, 12, 20, 24, 30}. Hence we have the following cases:
3 , a 5 } and S 2 = {a 2 , a 3 , a 4 }, then by using the program written in Lemma 2.13, Γ(S 1 : C 6 ) and Γ(S 2 : C 6 ) are integral with spectra of [−3, 0 
We show that the graph G 4 is only and only cayley graph of C Let G = C 3 2 or C 4 × C 2 , by the proof of Lemma 2.11, Γ(S : 
is not bipartite graph, which by Lemma 2.12 (iii), is a contradiction. If Γ(S : D 10 ) = G 11 , then by Lemma 2.12 (ii), it is a contradiction. Therefore, the graphs of G 3 , G 7 and G 11 are not Cayley graphs. Case5: Let |G| = 12. By Lemmas 2.9 and 2.11,
First we show G 12 is only and only cayley graph of C 6 × C 2 and D 12 .
Let G = C 6 × C 2 and S = {(a, c), (a −1 , c), (a 3 , c)} where C 6 = a and C 2 = c . Then by using the program written in Lemma 2.13, Γ(S : It is easy to see that a 3 is the unique element of order two, so a 3 ∈ S. Since S generates G, a r / ∈ S. By Lemma 2.3 and using characters table of T 4n , we conclude that the eigenvalues of Γ(S : T 12 ) corresponding to linear irreducible characters of T 12 are distinct from −3. Therefore, G 12 have not −3 as an eigenvalue, which is not true. So G 12 is not Cayley graph of T 12 . Let Γ(S : A 4 ) = G 12 . By Lemma 2.3 and using characters table of A 4 , Γ(S : A 4 ) has an eigenvalue with multiplicity greater than 6 or three eigenvalues with multiplicities greater than 3. Which is impossible. Therefor the graph G 12 is only and only Cayley graph of C 6 × C 2 and D 12 . We continue by showing that G 8 is only and only Cayley graph A 4 . Let G = A 4 and S = {(1 2)(3 4), (1 2 3), (1 3 2)}. By using the program written in Lemma 2.13, Γ(S : A 4 ) is integral with spectrum of [−2
, and so Γ(S : A 4 ) = G 8 . Let Γ(S : T 12 ) = G 8 . Since G 8 does not have C 4 as a subgraph, by Lemma 2.6, S = {a 3 , a r , a −r } for r = 1, 2. This contradicts the fact that S generates G. Let Γ(S : C 6 × C 2 ) = G 8 and S 1 = {s 1 | (s 1 , c) ∈ S, c ∈ C 2 } \ {1}. Then by Lemma 2.10 and case 2, |S 1 | = 2 and so −1 λ i0 , where λ i0 is the eigenvalue of Γ(S : C 6 × C 2 ) corresponding to a linear irreducible character of C 6 × C 2 . This contradicts the fact that −2 is an eigenvalue of G 8 . Let Γ(S : D 6 × C 2 ) = G 8 and S 1 = {s 1 | (s 1 , c) ∈ S, c ∈ C 2 } \ {1}. Then by Lemma 2.10 and case 2, |S 1 | = 2 and so −1 λ i0 , where λ i0 is the eigenvalue of Γ(S : D 6 × C 2 ) corresponding to a linear irreducible character of D 6 × C 2 . This contradicts the fact that −2 is an eigenvalue of G 8 . Therefor the graph G 8 is only and only Cayley graph of A 4 . Case6: Let |G| = 20. By Lemmas 2.9 and 2.11, G is a non-abelian group and so it is (s 1 , c) ∈ S, c ∈ C 2 } \ {1}, then by Lemma 2.10 and Case 4, |S 1 | = 2 and so −1 λ i0 , where λ i0 is the eigenvalue of Γ(S : D 10 × C 2 ) corresponding to a linear irreducible character of D 10 × C 2 . This contradicts the fact that −3 is an eigenvalue of G 9 and G 10 . Let G = T 20 . Since a 5 ∈ T 20 is the unique element of order two and G 9 , G 10 , does not have C 4 and C 5 as a subgraph, S = {a 5 , a r , a −r }. This contradicts the fact that S generates G. Hence the graphs G 9 and G 10 are not Cayley graphs. Case7: Let |G| = 24. By Lemmas 2.9 and 2.11, G is a non-abelian group and so
We show that G 13 is only and only Cayley graph of groups 
, then by Lemma 2.10 and Cases 3, 5, we have |S 1 | = 2 and so −1 λ i0 , where λ i0 is the eigenvalue of Γ(S : G) corresponding to a linear irreducible character of G. This contradicts the fact that −3 is an eigenvalue of G 13 . Let G = D 12 × C 2 and S 1 = {s 1 | (s 1 , c) ∈ S, c ∈ C 2 } \ {1}. One can check that (1, c) ∈ S where C 2 = c . So |S 1 | = 2 and −1 λ i0 , where λ i0 is the eigenvalue of Γ(S : D 12 × C 2 ) corresponding to a linear irreducible character of D 12 × C 2 . This contradicts the fact that −3 is an eigenvalue of G 13 .
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Let G = T 24 . Since a 6 ∈ T 24 is the unique element of order two and G 13 does not have C 4 as a subgraph, S = {a 6 , a r , a −r } for 1 r 5. This contradicts the fact that S generates G. 
. From this and using characters table of D 2n we conclude that λ 2 + µ 2 = 0. It follows that Γ(S : D 24 ) does not have 0 as an eigenvalue . Therefore, G 13 does not have 0 as an eigenvalue, which is impossible. Let G = SL(2, 3). It is easy to see that g 2 is the unique element of order two, so g 2 ∈ S. On the other hand, since g 6 g 7 = 1 and the graph G 13 does not have C 3 and C 4 as a subgraph, S = {g 2 , x, x −1 }, such that x is in conjugacy class of g 6 and x −1 in conjugacy class of g 7 . By Lemma 2.3 and using characters table of SL(2, 3), it is easily seen that the eigenvalues of corresponding to irreducible linear characters of SL(2, 3) are equal to zero. This contradicts the fact that −3 is an eigenvalue of
Since the graph G 13 does not have C 3 and C 4 as a subgraph, S ∩ b = φ and S ∩ a 2 = φ (the bar indicates conjugacy class). If S ∩ ab = φ, then by Lemma 2.3 and using characters table of V 24 , we see that the eigenvalues of corresponding to linear irreducible characters of χ 1 and χ 2 are equal to 3. Which is impossible. So S ∩ ab = φ. Also if b 2 ∈ S or a 2 b 2 ∈ S, then by Lemma 2.3, we check at once that Γ(S : V 24 ) does not have −3 as an eigenvalue, which is not true. Hence
where r ∈ {1, 3, 5} and s ∈ {1, 3}. Let λ and µ be the eigenvalues of Γ(S : V 24 ) corresponding to irreducible character χ 5 . If S = {a 3 , a 3 b 2 , a r b s }, then by Lemma 2.3 and using characters table of V 24 , λ+µ = 0 and
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. This gives λ and µ are not integers, which is false. Case8: Let |G| = 30 and Γ(S : G) = G 6 . By Lemmas 2.9 and 2.11, G is a non-abelian group and so
. By Lemma 2.10 and Case 4, |S 1 | = 2 and so −1 λ i0 , where λ i0 is the eigenvalue of Γ(S : D 10 × C 3 ) corresponding to a linear irreducible character of D 10 × C 3 . This contradicts the fact that −3 is an eigenvalue of G 6 . Let Γ(S : D 30 ) = G 6 . By Lemma 2.12 (ii), we have 4 | 10, which is impossible. Let Γ(S : U 30 ) = G 6 . It is obvious that U 30 has exactly three elements of order two and they are a 5 , a 5 b and
by Lemma 2.3 and using characters table of U 6n , the eigenvalues of Γ(S : U 30 ) corresponding to irreducible characters χ 1 and χ 5 are −3. This contradicts the fact that the multiplicity −3 as an eigenvalue of G 6 is one. If a 2r ∈ S or a 2r b ∈ S (0 r 4), then by Lemma 2.3 and using characters table of U 6n , the eigenvalue of Γ(S : U 30 ) corresponding to irreducible character χ 5 is 1, this show that 1 is an eigenvalue of G 6 , which is not true. Thus
, where k, s ∈ {0, 1, 2} and r ∈ {0, 1, 3, 4}. By Lemma 2.3 and using characters table of U 6n , the eigenvalue of Γ(S : U 30 ) corresponding to irreducible character χ 1 is −1 + 2 cos((2r + 1)π/5) for r ∈ {0, 1, 3, 4}. This is not integer. which is a contradiction. Therefor G 6 is not Cayley graph. Hence there are exactly seven connected, cubic integral Cayley graphs. This proves the theorem.
Proof. By Lemma 2.2, Γ(S : C n ) is connected graph. By Lemmas 2.3 and 2.4, n eigenvalues of Γ(S :
Corollary 3.2 For any natural number n, there is at least an connected, ϕ(n)-regular integral graph with n vertices. 
By equation ( ))-regular integral graph with n vertices, where d | n (1 < d < n). 
2 .
An easy computation shows:
Theorem 3.6 Let G = C n 1 × . . . × C n l and C n i = a i , so that for any i, j ∈ {1, . . . , l},
l , where ω t = e 2πi n t , for t = 1, . . . , l. One can check that α = 
By equation (2.1),
Corollary 3.7 Let n = n 1 · · · n l such that (n i , n j ) = 1, where 1 i, j l. Then there is at least a connected (
ϕ(n i ))-regular integral graph with n vertices. Proof.Since S generates D 2n , Γ(S : D 2n ) is connected graph. We know that {1}, {a r , a −r }, 1 r (n − 1)/2 and {a s b | 0 s n − 1} are the conjugacy classes of Corollary 3.9 For any odd natural number n (n = 1), there is at least a connected, (2ϕ(n))-regular integral graph with 2n vertices. Proof of Theorem 1.3. We know that {1}, {a r , a −r }, (1 r n − 1), {a 2k b | 0 k n − 1} and {a 2k+1 b | 0 k n − 1} are all of the conjugacy classes of T 4n . It is clear that T 4n = S , S = S −1 and 1 / ∈ S. Let λ j1 , λ j2 for 1 j n − 1 (Each one 2 times) and µ l for 1 l 4 be 4n eigenvalues of Γ(S : T 4n ). Then by Lemma 2.3 and using characters table of T 4n , we have:
By Lemma 2.1, if j is odd, then λ j1 + λ j2 = 0 and λ One can check that : Also λ j1 = 1 = λ j2 for 1 j n − 1 (Each one two times). Therefore, the spectrum of Γ(S : U 6n )) is: [(1 − 2n) 2 , −2 2n−2 , 1 4n−2 , n − 2, 3n − 2].
Corollary 3.12 For any odd natural number n (n = 1), there is at least a connected (3n − 2)-regular integral graph with 6n vertices.
Character Character 
